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Abstrat
In this paper we extend the results of Leni and Rey-Bellet on the large deviation upper
bound of the distribution measures of loal Hamiltonians with respet to a Gibbs state,
in the setting of translation-invariant nite-range interations. We show that a ertain
fatorization property of the referene state is suient for a large deviation upper bound
to hold and that this fatorization property is satised by Gibbs states of the above kind
as well as nitely orrelated states. As an appliation of the methods the Cherno bound
for orrelated states with fatorization property is studied. In the spei ase of the
distributions of the ergodi averages of a one-site observable with respet to an ergodi
nitely orrelated state the spetral theory of positive maps is applied to prove the full
large deviation priniple.
Keywords: Large deviations, Gibbs states, nitely orrelated states, Cherno bound.
1 Introdution
Several of the main results of lassial probability theory have been generalized to the quantum
setting up till now. The main dierene from the lassial ase is the use of non-ommutative
algebras, and though the proofs usually rely on their lassial equivalents, new methods are
required to irumvent the diulty arising from the non-ommutativity of observable quan-
tities. In this paper we investigate the large deviation priniple (LDP) and a strongly related
subjet, the Cherno bound for symmetri hypothesis testing for a lass of states on a spin
hain, extending the results of [7, 24, 27, 28℄.
Following the approah of [24℄ and [27℄ we study the existene of the pressure funtion of
a nite-range translation-invariant interation Φ with respet to a translation-invariant state
ω on a spin hain. We show that a suient ondition for the pressure to exist is a ertain
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(upper) fatorization property of the state ω, that for Gibbs states follows from the results of
[24℄ on perturbations of Gibbs states. The existene of the pressure yields the existene of the
asymptoti logarithmi moment generating funtion in the theorem of Gärtner and Ellis, whih
in turn implies the large deviation upper bound for the distributions of the loal Hamiltonians
of Φ with respet to the state ω. We show that nitely orrelated states [17℄ satisfy this upper
fatorization property, therefore our results extend the large deviation bounds obtained in [24℄
to the lass of nitely orrelated states (Setion 5).
In [27℄ the full LDP was proven for the distributions of the ergodi averages of a one-site
observable with respet to a high-temperature KMS (Gibbs) state, using a luster expansion
tehnique. In this paper we prove the same result for ergodi nitely orrelated states, using
the spetral theory of positive operators on nite-dimensional C∗-algebras (Setion 3).
The Cherno bound gives the exponential deay rate of the average of the error probabilities
of the rst and the seond kinds when a binary test is performed on an inreasing number of
opies of the same system, either all prepared in some given state ω or another state σ. The
quantum version of the orresponding lassial theorem has reently been proven in [28℄ (lower
bound) and [7℄ (upper bound). In Setion 6 we investigate the generalized situation when
state disrimination is performed between two states of an innite hain, by making binary
measurements on inreasing nite-size restritions. Relying on the results of [7, 28℄ we prove
the Cherno upper bound for states satisfying an upper fatorization property (hene for all
nitely orrelated states) and both upper and lower bounds for states satisfying both upper
and lower fatorization properties (like Gibbs states).
To make the text more self-ontained we inlude a setion on preliminaries on quantum
spin hains and large deviation theory and three appendies; on the perturbation results of
Gibbs states developed in [24℄ (Appendix A); on the onstrution of nitely orrelated states
(Appendix B) and on the spetral theory of positive maps (Appendix C). A short introdution
to hypothesis testing is inluded in Setion 6.
For further results on large deviations in quantum systems we refer to [10, 8, 18, 20, 25, 31,
30℄. In Setion 7 we point out some onnetions to the works [11℄ and [20℄.
2 Preliminaries
2.1 Quantum spin hains
Let H be a nite-dimensional Hilbert spae and A ⊂ B(H) be a C∗-subalgebra of B(H). The
innite spin hain with one site-algebra A is C := ⊗k∈ZA, whih is the C
∗
-indutive limit of
the algebras {⊗k∈ΛA : Λ ∈ P0} under the natural inlusions
ιΛ′,Λ : ⊗k∈ΛA →֒ ⊗k∈Λ′A , a 7→ a⊗
(
⊗k∈Λ′\Λ1A
)
,
where P0 := {Λ ⊂ Z : 0 < |Λ| < ∞}. We use the notation CΛ for the embedded image
of ⊗k∈ΛA into C, and usually identify the two. The algebra of loal observables is dened as
Cloc :=
⋃
Λ∈P0
CΛ.
Positive linear funtionals ω : C → C satisfying ω(1) = 1 (where 1 is the unit of C) are
alled states. The distribution of a loal observable a ∈ CsaΛ := {x ∈ CΛ : x
∗ = x} (Λ nite)
with respet to a state ω is the probability measure
µa(B) := ω (1B(a)) ; B ⊂ R ,
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where 1B(a) ∈ CΛ is the spetral projetion of a orresponding to the set B. Using funtional
alulus and the Riesz-Markov theorem [32℄, one an also dene the distribution of an arbitrary
(not neessarily loal) observable through∫
g dµa := ω (g(a)) ; g : spec(a)→ C continuous .
The interpretation of the distribution of a in quantum mehanis is that the measurement result
falls into the set B with probability µa(B) when the observable a is measured in the state ω of
the system.
The maps γn,m : ⊗k∈[n,m]A → ⊗k∈[n,m+1]A , a 7→ 1A ⊗ a (n < m) extend uniquely to
the shift automorphism of C. A state ω is alled translation-invariant if ω ◦ γ = ω. The set
of all translation-invariant states is onvex; its extremal points are alled ergodi states. The
restritions ωΛ(a) := ω(a), a ∈ CΛ of a translation-invariant state satisfy the ompatibility
relations
ω[1,n+1](a⊗ 1A) = ω[1,n+1](1A ⊗ a) = ω[1,n](a) ; a ∈ C[1,n].
On the other hand, any sequene of states {ωn : n ∈ N} on the algebras C[1,n] that satises the
above ompatibility relations extends uniquely to a translation-invariant state ω with ω[1,n] =
ωn. The density operator ωˆΛ of a loal restrition ωΛ is the unique element in CΛ that satises
ρ(a) = TrΛ ρˆΛa, a ∈ CΛ.
The above onstrution provides a mathematial model in statistial physis to desribe
idential nite-level systems loated at the sites of the one-dimensional lattie Z. The inter-
ation between the systems loalized at eah site is desribed by a funtion Φ : P0 → C
sa
satisfying Φ(X) ∈ CX , X ∈ P0 . We will always assume that Φ has nite range, i.e.
d(Φ) := inf{d : Φ(X) = 0 when diam(X) > d} <∞
and bounded surfae energy :
sup
n∈N
∥∥∥∑{Φ(X) : X ∩ [−n, n] 6= ∅, X ∩ (Z \ [−n, n]) 6= ∅}∥∥∥ <∞ .
The interationΦ is alled translation-invariant ifΦ(X+1) = γ (Φ(X)). Obviously, a translation-
invariant nite-range interation automatially has bounded surfae energy.
For eah Λ ∈ P0 the interation denes a loal Hamiltonian by HΛ :=
∑
X⊂Λ Φ(X) with
orresponding loal dynamis αΛ and loal Gibbs state ϕΛG by
αΛt (a) := e
itHΛ a e−itHΛ , ϕΛG(a) := τ(e
−HΛa)/τ(e−HΛ) ; a ∈ C ,
with
τ := ⊗k∈Z
(
1
dimH
Tr
)
, (1)
where Tr is the usual trae funtional on B(H). The restritions to CΛ are denoted by αΛ,t and
ϕΛ,G, respetively; i.e.
αΛ,t(a) = e
itHΛ a e−itHΛ , ϕΛ,G(a) := TrΛ(e
−HΛa)/TrΛ(e
−HΛ) ; a ∈ CΛ .
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For simpliity, we use the notation ϕn,G for ϕ[1,n],G. Finite range ondition together with
bounded surfae energy guarantees that the (thermodynamial) limits
ϕ := (weak∗) lim
ΛրZ
ϕΛG , αt := (strong) lim
ΛրZ
αΛt ; t ∈ R
exist; α is alled the global dynamis and ϕ the global Gibbs state, whih is the unique KMS
state for α (see e.g. [4℄, [13, Proposition 6.2.47℄ and [34, Proposition 4.1.9℄). Moreover, for a
translation-invariant interation any loal element a ∈ Cloc is an analyti element of the global
automorphism group, i.e. fa(t) := αt(a) has an analyti extension αz(a) to the whole omplex
plain (see [3, 5℄). Note that ϕ[1,n] 6= ϕn,G exept for trivial ases. However, the following holds
[3, 5, 6℄:
Lemma 2.1. There is a onstant λ > 0 suh that
λ−1ϕ[1,n] ≤ ϕn,G ≤ λϕ[1,n] for all n ∈ N.
2.2 Large Deviation Priniple
Large deviation results desribe the asymptoti behavior of probabilities of rare events. As a
simple example, one an onsider the behaviour of the average of a sequene of i.i.d. random
variables taking values in a nite subset of R. Without loss of generality one an assume the
probability spae to be (X∞,F , ω), where X is a nite set, F is the σ-eld generated by the
ylinder sets and ω = ω⊗∞1 is a translation-invariant produt probability measure. The shift on
innite sequenes x ∈ X∞ is dened by (S x)k := xk+1 and it generates a shift γ of funtions
a : X∞ → C through γ(a) := a ◦ S. Now if a depends on only one site, i.e. a(x) = f(x1) for
some f : X → R then a, γ(a), γ2(a), . . . is a sequene of i.i.d. random variables with ommon
expetation value m, and by the law of large numbers µn ([c, d]) → 0 as n → ∞ for any non-
degenerate interval [c, d] that does not ontainm, where µn is the distribution of
1
n
∑n−1
k=0 γ
k(a).
Cramér's large deviation result [15℄ gives more detailed information on the speed with whih
these probabilities tend to 0; it states that
1
n
log µn ([c, d]) −−−→
n→∞
− inf
x∈[c,d]
I(x) ,
where I(x) := sup{tx − F (t) : t ∈ R} is the Legendre-Fenhel transform of the logarithmi
moment generating funtion
F (t) := log
∫
etx dµ1(x) = log
∫
eta dω .
In a more general ontext, a sequene (µn)n∈N of probability measures on the Borel sets of
R is said to satisfy the large deviation priniple (LDP) with rate funtion I if
− inf
x∈intH
I(x) ≤ lim inf
n→∞
1
n
log µn(H) ≤ lim sup
n→∞
1
n
log µn(H) ≤ − inf
x∈H
I(x)
holds for any measurable H ⊂ R, where H is the losure of H and intH is its interior. We say
that (µn)n∈N satises the large deviation lower (resp. upper) bound if the rst (resp. the last)
4
inequality holds in the above hain. The rate funtion I is alled a good rate funtion if the
level sets {x ∈ R : I(x) ≤ c} are ompat for any c ∈ R. A fundamental result in the theory
of large deviations is a generalization of Cramér's theorem to the non-i.i.d. setting by Gärtner
and Ellis (see e.g. [15℄). Before stating this result we reall that y ∈ R is alled an exposed point
of the onvex funtion f : R → R if for some t ∈ R the funtion x 7→ tx − f(x) has a strit
maximum at y. We denote the set of exposed points by ex(f).
Theorem 2.2. (Gärtner & Ellis) Let (µn)n∈N be a sequene of probability measures on the
Borel sets of R and let
Γn(t) :=
∫
entx dµn(x) ; t ∈ R. (2)
If the limit
F (t) := lim
n→∞
1
n
log Γn(t)
exists for all t as an extended real number and is nite in a neighbourhood of 0 then
− inf
x∈intH ∩ ex(I)
I(x) ≤ lim inf
n→∞
1
n
log µn(H) (3)
≤ lim sup
n→∞
1
n
log µn(H) ≤ − inf
x∈H
I(x)
holds with the good rate funtion
I(x) = sup{tx− F (t) : t ∈ R} .
If, moreover, Γ is dierentiable then the lower bound in (3) an be replaed with
− inf
x∈intH
I(x) ≤ lim inf
n→∞
1
n
logµn(H) .
Note that the rate funtion I above is onvex, as is always the ase when the Gärtner-Ellis
theorem is applied to derive the large deviation priniple, hene by a rate funtion we will
always mean a onvex one.
Now if ω is a xed state of a spin hain C and a ∈ C[1,r] is a loal observable then one
an use the Gärtner-Ellis theorem to study the large deviation properties of the sequene
(µn,a)n∈N, where µn,a is the distribution of a¯n :=
1
n
∑n−1
k=0 γ
k(a) with respet to ω. Apart
from being formulated on a possibly non-ommutative spin hain, this question generalizes
the setting of Cramér's theorem in two diretions: rst, ω is not neessarily a produt state,
whih is equivalent to the random variables being orrelated; seond, a may be a multi-site
observable, whih orresponds to onsidering averages of the form
1
n
∑n−1
k=0 f(Xk+1, . . . , Xk+r)
in the lassial ase. As a further generalization, one an replae a¯n with
1
n
H[1,n], where H[1,n] is
the loal Hamiltonian of a translation-invariant nite-range interation Φ. The large deviation
properties of the orresponding distribution measures µn,Φ were studied in [24℄. Note that the
previous example orresponds to
Φ(X) :=
{
γk(a) if X = [k + 1, k + r] for some k ;
0 otherwise
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and µn,a = µn+r−1,Φ for the interation above.
The moment generating funtion of µn,Φ is
Γn(t) =
∫
entx dµn,Φ(x) = ω
(
etH[1,n]
)
; t ∈ R .
Note that if ω = τ is the trae state of (1) then
1
n
log Γn(t) =
1
n
log Tr etH[1,n] − log dimH ,
and the rst term is known to onverge to P (−tΦ), where P is the pressure (or mean free
energy) funtional [22℄. This motivates to use the term pressure for the limit
pω(Φ) := lim
n→∞
1
n
log ω
(
e−H[1,n]
)
(4)
whenever it exists.
3 LDP for nitely orrelated states
We use the notations and results of Appendies B and C. In partiular, we denote a generating
triple of a nitely orrelated state ω by (B, E , ρ), where ρ is assumed to be faithful, and for a
one-site observable a we dene the map
Eeta : B → B , Eeta : b 7→ E
(
eta ⊗ b
)
.
Theorem 3.1. Let ω be an ergodi nitely orrelated state, a ∈ Csa{1} be a one-site observable
and
µn,a(B) := ω (1B (a¯n)) ; B ⊂ R
be the distribution of a¯n :=
1
n
∑n−1
k=0 γ
k(a) with respet to ω. Then the sequene (µn,a)n∈N
satises the large deviation priniple with the good rate funtion
I(x) = sup
t∈R
{tx− log r(t)} ,
where r(t) is the spetral radius of Eeta.
Proof. By Proposition B.1, E
1
is irreduible. If b is a non-negative element in B then eta ⊗ b ≥
e−|t| ‖a‖1⊗ b (where 1 = 1A is the unit of A), hene
Eeta(b) = E
(
eta ⊗ b
)
≥ e−|t| ‖a‖ E (1⊗ b) = e−|t| ‖a‖ E
1
(b)
i.e. Eeta ≥ e
−|t| ‖a‖ E
1
. This implies that Eeta is also irreduible for all t ∈ R. The moment
generating funtion (2) of the Gärtner-Ellis theorem in this ase is
Γn(t) = ωn
((
eta
)⊗n)
= ρ (Eneta(1B))
and by Lemma C.2
1
n
log Γn(t) −−−→
n→∞
log r(t) ,
where r(t) is the spetral radius of Eeta. Sine t 7→ Eeta is analyti and r(t) is a simple eigenvalue
due to irreduibility, the funtion t 7→ r(t) is C∞, a standard fat in perturbation theory [33, 23℄.
The Gärtner-Ellis theorem then yields the desired statement.
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4 Fatorization of states
Denition 4.1. A translation-invariant state ω on a spin hain satises the upper (lower)
fatorization property if there exists a onstant β ∈ R (α ∈ R) and an m0 ∈ N suh that for all
m ≥ m0 and k ∈ N we have
ω[1,km] ≤ β
k−1 ω⊗k[1,m] (upper fatorization) (5)
ω[1,km] ≥ α
k−1 ω⊗k[1,m] (lower fatorization). (6)
Note that the hoie k = 2 in the fatorization properties imply
ω ≤ β ω(−∞,0] ⊗ ω[1,+∞) (7)
ω ≥ αω(−∞,0] ⊗ ω[1,+∞) (8)
due to the translation-invariane of ω. On the other hand, (7) and (8) imply (5) and (6), respe-
tively, with any hoie of m and k. Hene m0 doesn't atually play a role in the fatorization
properties, and it is enough to hek (5) and (6) for k = 2.
Obviously, produt states satisfy both lower and upper fatorization. As non-trivial ex-
amples, we onsider Gibbs states of translation-invariant nite-range interations and nitely
orrelated states.
Lemma 4.2. Let ϕ be the (unique) Gibbs state of a translation-invariant nite-range intera-
tion Φ. Then ϕ satises both lower and upper fatorization properties.
Proof. We use the notations and results of Appendix A. Let
W0 :=
∑{
Φ(X) : X ∩ [− d(Φ), 0] 6= ∅, X ∩ [1, d(Φ)] 6= ∅
}
be the interation term through site 0. For m ≥ 2 d(Φ) we dene the perturbation operator
Qm := −
(
W0 + γ
m(W0) + γ
2m(W0)
)
,
whih is the negative interation term through the sites 0, m, 2m. Then for n > 2m the
perturbed Hamiltonian is
H[−n,n] +Qm = H[−n,0] +H[1,m] +H[m+1,2m] +H[2m+1,n] ,
a sum of ommuting terms, hene the perturbed loal Gibbs state is
ϕQm[−n,n],G = ϕ[−n,0],G ⊗ ϕm,G ⊗ ϕm,G ⊗ ϕ[2m+1,n],G .
Sine the thermodynamial limit of the above sequene of states gives the global perturbed
state ϕQm, we obtain
ϕQm[1,2m] = ϕm,G ⊗ ϕm,G .
We now apply Corollary A.3 with the hoie Q := Qm and L := 2 d(Φ). Then both ‖Q‖d≤L
and ‖Q‖ are upper bounded by 3 ‖W0‖ and
ϕQm(a) e−3(1+cL)‖W0‖ ≤ ϕ(a) ≤ ϕQm(a) e3(1+cL)‖W0‖
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for any a ∈ Cloc. This results in
e−3(1+cL)‖W0‖ ϕm,G ⊗ ϕm,G ≤ ϕ[1,2m] ≤ e
3(1+cL)‖W0‖ ϕm,G ⊗ ϕm,G . (9)
Now taking λ from Lemma 2.1 and β := λ2 e3(1+cL)‖W0‖, α := 1
β
we obtain
αϕ[1,m] ⊗ ϕ[1,m] ≤ ϕ[1,2m] ≤ β ϕ[1,m] ⊗ ϕ[1,m] .
Note that Lemma 4.2 with Lemma 2.1 implies that the loal Gibbs states satisfy the fa-
torization property
β˜−k ϕ⊗km,G ⊗ ϕ[km+1,n],G ≤ ϕn,G ≤ β˜
k ϕ⊗km,G ⊗ ϕ[km+1,n],G , km+ 1 ≤ n ≤ (k + 1)m (10)
with some β˜ > 1.
Now we turn to the ase of nitely orrelated states. For a brief introdution and notations
see Appendix B. To prove upper fatorization for nitely orrelated states, the following lemma
plays the key role:
Lemma 4.3. Let B ⊂ B(K) be a nite-dimensional C∗-subalgebra of B(K) for some nite-
dimensional Hilbert spae K. Let ρ be a faithful state on B and Φ : B → B be the ompletely
positive unital map b 7→ ρ(b) 1B. Then there exists a onstant β > 1 suh that idB ≤CP β Φ,
where ≤CP means the order of omplete positivity.
Proof. Let ρˆ =
∑dimK
i=1 ri |ei〉〈ei| be an eigen-deomposition of ρˆ and β := dimK/min{ri}.
With ψ :=
∑
i ei ⊗ ei we have
idB⊗ (β Φ− idB) |ψ〉〈ψ| = β ρˆ⊗ 1B − |ψ〉〈ψ| ≥ 0 ,
whih, by Choi's haraterization of omplete positivity [14℄, gives the desired statement.
Proposition 4.4. Finitely orrelated states satisfy the upper fatorization property.
Proof. Let ω be a nitely orrelated state with generating triple (B, E , ρ) as given in (24) and
(25). By Lemma 4.3 we have id⊗kA ⊗E
∗ ≤ β id⊗kA ⊗ (E
∗ ◦ Φ∗) for any k ∈ N, hene by (24) for
any n > k
ϕˆn ≤ β (id
⊗(n−1)
A ⊗E
∗) ◦ . . . ◦ (id
⊗(k+1)
A ⊗E
∗) ◦ (id⊗kA ⊗(E
∗ ◦ Φ∗))
◦(id
⊗(k−1)
A ⊗E
∗) ◦ . . . ◦ (idA⊗E
∗) ◦ E∗ (ρˆ)
= β (id
⊗(n−1)
A ⊗E
∗) ◦ . . . ◦ (id
⊗(k+1)
A ⊗E
∗) ◦ (id⊗kA ⊗(E
∗ ◦ Φ∗)) ϕˆk .
Sine Φ∗(b) = ρˆ Tr b, we have id⊗kA ⊗(E
∗◦Φ∗)x = (TrB x)⊗ϕˆ1 for any x ∈ A
⊗k⊗B; in partiular
(id⊗kA ⊗(E
∗ ◦ Φ∗)) ϕˆk = ωˆk ⊗ ϕˆ1. Thus
ϕˆn ≤ β (id
⊗(n−1)
A ⊗E
∗) ◦ . . . ◦ (id
⊗(k+1)
A ⊗E
∗) ωˆk ⊗ ϕˆ1
= β ωˆk ⊗
[
(id
⊗(n−k−1)
A ⊗E
∗) ◦ · · · ◦ (idA⊗E
∗)ϕˆ1
]
= β ωˆk ⊗ ϕˆn−k .
Taking partial trae over B in the above inequality yields ωˆn ≤ β ωˆk⊗ ωˆn−k. The hoie n = 2k
gives the upper fatorization property.
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Note that Φ in Lemma 4.3 is positivity inreasing whereas idB is not, therefore a onverse
inequality idB ≥ αΦ annot hold with any positive onstant α. Of ourse, to guarantee lower
fatorization it would be suient to have E∗ ≥CP α (E
∗ ◦ Φ∗) with some positive onstant α. A
similar omputation to that of Proposition 4.4 shows that E∗ ≥CP α (idA⊗Φ
∗) ◦ E∗ with some
α > 0 is also a suient ondition for lower fatorization. However, neither of these onditions
an hold in general, simply beause nitely orrelated states do not satisfy lower fatorization
property in general. For instane, the following is easy to verify:
Example 4.5. Let ω be a lassial Markov hain on X∞, |X | < ∞ with transition matrix T
and faithful stationary distribution r. Then ω satises the lower fatorization property if and
only if T > 0 (i.e. all entries are stritly positive).
A lass of examples for non-lassial nitely orrelated states satisfying the lower fatoriza-
tion property is provided by the following:
Example 4.6. Let ω be a nitely orrelated state as in Example B.2 (i.e. with a ommutative
algebra in the generating triple). Then
(i) there exists α > 0 suh that E∗ ≥CP α (E
∗ ◦ Φ∗) if and only if
T > 0 and supp ϑxy = suppϑzy ; x, y, z ∈ X ; (11)
(ii) there exists α > 0 suh that E∗ ≥CP α (idA⊗Φ
∗) ◦ E∗ if and only if
T > 0 and suppϑxy = supp ϑxz ; x, y, z ∈ X . (12)
Proof. We only prove (i) as the proof of (ii) is ompletely similar. Note that sine E∗ and
E∗ ◦ Φ∗ map from a ommutative algebra then omplete positivity ordering oinides with the
usual positivity ordering, whih in turn is enough to hek on eah minimal projetion δˆx. Now
(E∗ − α (E∗ ◦ Φ∗)) δˆx =
∑
y
Txyϑˆxy ⊗ δˆy − αE
∗ϑˆ =
∑
y
(
Txyϑˆxy − α
∑
z
rzTzyϑˆzy
)
⊗ δˆy ,
whih is positive if and only if
Txyϑˆxy − α
∑
z
rzTzyϑˆzy ≥ 0 (13)
for all y. Obviously, the existene of a positive α suh that (13) holds for all x, y is equivalent
to
suppTxyϑˆxy = suppTzyϑˆzy; x, y, z , (14)
whih is satised if (11) holds. On the other hand, if Txy = 0 for some x, y then by (14) we get
Tzy = 0 for the same y and all z. However, this ontradits the strit positivity of r, hene (14)
implies (11).
Note that in both examples T is the matrix of E
1
thus the ondition T > 0 is equivalent to
E
1
being positivity inreasing. This ondition is stronger than the strong mixing property (see
Appendies B and C).
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5 Pressure and large deviation upper bound
Theorem 5.1. If ω satises the upper fatorization property then the pressure
pω(Φ) := lim
n→∞
1
n
logω
(
e−H[1,n]
)
exists for any translation-invariant nite-range interation Φ, where H[1,n] are the loal Hamil-
tonians of Φ. Moreover,
(i) |pω(Φ)| ≤ ‖AΦ‖, where AΦ :=
∑
0∈X∈P0
1
|X|
Φ(X) is the mean energy of the interation Φ;
(ii) the funtion fω,Φ(t) := pω(tΦ) on R is onvex and Lipshitz-ontinuous with Lipshitz
onstant ‖AΦ‖.
Proof. Let ϕ be the global Gibbs state of Φ and η be the upper fatorization onstant for ω.
Inequality (10) implies that
e−H[1,n] ≤ β˜k
Tr e−H[1,n](
Tr e−H[1,m]
)k ( e−H[1,m])⊗k ⊗ I[km+1,n]
for any km+ 1 ≤ n ≤ (k + 1)m. Then with Hn := H[1,n] we have
1
n
log ω
(
e−Hn
)
≤
1
n
log Tr e−Hn −
k
n
log Tr e−Hm +
k
n
log β˜ +
1
n
log ωkm
((
e−Hm
)⊗k)
. (15)
By the upper fatorization property of ω,
ωkm
((
e−Hm
)⊗k)
≤ ηk−1ω⊗km
((
e−Hm
)⊗k)
= ηk−1
(
ωm
(
e−Hm
))k
,
hene by (15)
lim sup
n→∞
1
n
log ω
(
e−Hn
)
≤ P (Φ)−
1
m
log Tr e−Hm +
1
m
log(ηβ˜) +
1
m
log ωm
(
e−Hm
)
,
where P (Φ) := limn→∞
1
n
log Tr e−Hn is the pressure of Φ. Now we an take the liminf in m
and obtain
lim sup
n→∞
1
n
log ω
(
e−Hn
)
≤ lim inf
n→∞
1
n
logω
(
e−Hn
)
.
Property (i) is obvious from
∣∣ 1
n
logω
(
e−Hn
)∣∣ ≤ 1
n
‖Hn‖ and lim supn
1
n
‖Hn‖ ≤ ‖AΦ‖, where
the latter follows from∥∥∥∥∥ 1nHn − 1n
n∑
k=1
γk (AΦ)
∥∥∥∥∥ ≤ 1n
n∑
k=1
∑{‖Φ(X)‖
|X|
: X ∋ k, X ∩ (Z \ [1, n]) 6= ∅
}
−−−→
n→∞
0 .
Straightforward omputation shows that the seond derivative of t 7→ log ω
(
etHn
)
is equal
to the variane of the probability measure
µt(B) := ω
(
1B(Hn)e
tHn
)
/ω
(
etHn
)
; B ⊂ R ,
therefore t 7→ 1
n
log ω
(
etHn
)
is onvex for all n, whih implies the onvexity of fω,Φ. Lipshitz
ontinuity is easily veried from e−|s−t|‖Hn‖etHn ≤ esHn ≤ e|s−t|‖Hn‖etHn ; t, s ∈ R.
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Corollary 5.2. Let Φ be a translation-invariant nite-range interation with loal Hamiltoni-
ans H[1,n] and let
µn,Φ(B) := ω
(
1B
(
1
n
H[1,n]
))
; B ⊂ R
be the distribution of
1
n
H[1,n] with respet to the state ω. If ω satises the upper fatorization
property then the sequene (µn,Φ)n∈N satises the large deviation upper bound with the rate
funtion
I(x) = sup
t∈R
{tx− pω(−tΦ)} .
Proof. It is immediate from the Gärtner-Ellis theorem and Theorem 5.1.
Remark 5.3. Let ω be a ompletely ergodi nitely orrelated state. As we have seen in the
proof of Theorem 3.1,
lim
k→∞
1
k
log ωkm
((
e−Hm
)⊗k)
= log r (Ee−Hm ) ,
hene (15) yields
lim sup
n→∞
1
n
logω
(
e−Hn
)
≤ P (Φ)−
1
m
log Tr e−Hm +
1
m
log(ηβ˜) +
1
m
log r (Ee−Hm ) ,
and by taking the liminf in m we get
lim sup
n→∞
1
n
logω
(
e−Hn
)
≤ lim inf
m→∞
1
m
log r (Ee−Hm ) .
Using the lower fatorization property for the loal Gibbs states, a similar argument gives
lim inf
n→∞
1
n
logω
(
e−Hn
)
≥ lim sup
m→∞
1
m
log r (Ee−Hm ) ,
hene
pω(Φ) = lim
n→∞
1
n
log ω
(
e−Hn
)
= lim
n→∞
1
n
log r (Ee−Hn ) .
6 Cherno bound
Assume that a sequene of nite-level systems with Hilbert spaes
~H := {Hn : n ∈ N} is
given together with two sequenes of states ~ω := {ωn : n ∈ N} and ~σ := {σn : n ∈ N}. The
true states of the systems are unknown, but we know a priori that with probability 0 < κ < 1
the systems are in state ωn for all n ∈ N (null-hypothesis H0) and with probability 1 − κ the
systems are in state σn for all n ∈ N (ounter-hypothesis H1). To deide between these two
options we make a binary measurement on a system for some n with measurement operators
0 ≤ An ≤ IHn orresponding to outome 0 and IHn − An orresponding to outome 1; if the
outome is 0 (resp. 1) then hypothesis H0 (resp. H1) is aepted. The Bayesian probability of
an erroneous deision is
PAn(ωn : σn) := κωn(I − An) + (1− κ) σn(An) .
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Let
Pmin(ωn : σn) := min{PAn(ωn : σn) : 0 ≤ An ≤ I} . (16)
It is easy to see that the best test ahieving (16) is the spetral projetion of κωˆn − (1− κ)σˆn
orresponding to the positive part of the spetrum and therefore
Pmin(ωn : σn) =
1
2
−
1
2
‖κωˆn − (1− κ)σˆn‖1 .
We are interested in the asymptotis of
1
n
logPmin(ωn : σn) for large n's. Obviously the value
of κ doesn't play a role here, hene we may just as well assume κ = 1
2
.
It was shown in [7℄ that
Pmin(ωn : σn) ≤
1
2
Tr ωˆ1−tn σˆ
t
n
for all 0 ≤ t ≤ 1. (Here A0 is dened to be the support projetion of A for a positive semidenite
A ∈ B(H), so that t 7→ Tr ωˆ1−tn σˆ
t
n is ontinuous on [0, 1].) Now if
Ct (~ω, ~σ) := lim
n→∞
1
n
log Tr ωˆ1−tn σˆ
t
n (17)
exists for all 0 ≤ t ≤ 1 then we get
lim sup
n→∞
1
n
logPmin(ωn : σn) ≤ inf
0≤t≤1
Ct (~ω, ~σ) . (18)
The quantity on the right-hand side of (18) is alled the Cherno bound. In the ase Hn =
H⊗n1 ; ωn = ω
⊗n
1 , σn = σ
⊗n
1 the limit (17) obviously exists and hene (18) holds with Ct (~ω, ~σ) =
min0≤t≤1Tr ωˆ
1−t
1 σˆ
t
1. The result of [28℄ shows that in this ase also
lim inf
n→∞
1
n
logPmin(ωn : σn) ≥ min
0≤t≤1
Ct (~ω, ~σ) .
One an onsider the above situation as disriminating between two produt states on the
innite spin hain by making measurements on nite parts of the hain. We show that the
above results an be extended to a wider lass of states with suitable fatorization properties:
Theorem 6.1. Let ω and σ be translation-invariant states on a spin hain.
(i) If ω and σ satisfy the upper fatorization property then for all 0 ≤ t ≤ 1 the limit
Ct (ω, σ) := lim
n→∞
1
n
log Tr ωˆ1−tn σˆ
t
n (19)
exists and
lim sup
n→∞
1
n
logPmin(ωn : σn) ≤ inf
0≤t≤1
Ct (ω, σ) .
(ii) If ω and σ satisfy both upper and lower fatorization properties then t 7→ Ct (ω, σ) is
ontinuous on [0, 1], and
lim
n→∞
1
n
logPmin(ωn : σn) = min
0≤t≤1
Ct (ω, σ) . (20)
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Proof. (i) We an assume that ω and σ have the same upper fatorization onstant β. Let
n > m ≥ 1 and write n = km + r with 1 ≤ r ≤ m. By the operator monotoniity of the
funtion x 7→ xt, x ∈ [0,∞) [9℄ we get
Tr ωˆ1−tn σˆ
t
n ≤ β
kM
(
Tr ωˆ1−tm σˆ
t
m
)k
with M := max{Tr ωˆ1−tr σˆ
t
r : 1 ≤ r ≤ m}, hene
lim sup
n→∞
1
n
log Tr ωˆ1−tn σˆ
t
n ≤
1
m
log β +
1
m
log Tr ωˆ1−tm σˆ
t
m (21)
for all m. Taking the liminf in m gives the existene of the limit and (18) gives the rest of the
statement.
(ii) We an also assume that ω and σ have the same lower fatorization onstant α. In the
same way as above, lower fatorization property implies
1
m
logα +
1
m
log Tr ωˆ1−tm σˆ
t
m ≤ lim inf
n→∞
1
n
log Tr ωˆ1−tn σˆ
t
n . (22)
Combining it with (21) we get that t 7→ Ct (ω, σ) is the uniform limit of the ontinuous funtions
t 7→ 1
m
log Tr ωˆ1−tm σˆ
t
m, hene ontinuity of the limit follows.
Let An be the optimal test for disriminating between ωn and σn and n = km+ r as before.
Then
Pmin(ωn : σn) = PAn(ωn : σn) = PAn(ω(k+1)m : σ(k+1)m)
≥ αk PAn(ω
⊗(k+1)
m : σ
⊗(k+1)
m )
≥ αk Pmin(ω
⊗(k+1)
m : σ
⊗(k+1)
m )
hene
lim inf
n→∞
1
n
logPmin(ωn : σn) ≥
1
m
logα +
1
m
lim
k
1
k
logPmin(ω
⊗(k+1)
m : σ
⊗(k+1)
m ) ,
where the last limit is known to exist due to [28, 7℄ where it was also shown to be equal to
min0≤t≤1 log Tr ωˆ
1−t
m σˆ
t
m. Now by (21) we have
1
m
min
0≤t≤1
log Tr ωˆ1−tm σˆ
t
m ≥ min
0≤t≤1
Ct (ω, σ)−
1
m
log β ,
thus
lim inf
n→∞
1
n
logPmin(ωn : σn) ≥ min
0≤t≤1
Ct (ω, σ)−
1
m
log
β
α
.
Sine this holds for all m we get
lim inf
n→∞
1
n
logPmin(ωn : σn) ≥ min
0≤t≤1
Ct (ω, σ) .
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Example 6.2. Let ω and σ be ompletely ergodi nitely orrelated states with ommutative
auxiliary algebras F(X ) and F(Y), respetively, with loal restritions
ωˆn =
∑
x1,...,xn∈X
rx1
(
Tx1x2ϑˆx1 x2
)
⊗ . . .⊗
(
Txn−1xnϑˆxn−1 xn
)
⊗ Θˆxn
σˆn =
∑
y1,...,yn∈Y
py1 (Sy1y2ϕˆy1 y2)⊗ . . .⊗
(
Syn−1ynϕˆyn−1 yn
)
⊗ Φˆyn ,
where T and S are primitive stohasti matries with stationary distributions {rx} and {py},
respetively, and Θˆx =
∑
w Txwϑˆxw, Φˆy =
∑
z Tyzϑˆyz (see Example B.2 for details.) Assume
that supp ϑˆxw ⊥ supp ϑˆuv whenever the rst indies are dierent, and similarly for the states
{ϕyz}. Then also supp Θˆx ⊥ supp Θˆu, supp Φˆy ⊥ supp Φˆz when x 6= u, y 6= z, and
Tr ωˆ1−tn σˆ
t
n =
∑
x1,...,xn
y1,...,yn
r1−tx1 p
t
y1
(
Tr Θˆ1−txn Φˆ
t
yn
) n−1∏
k=1
(
T 1−txkxk+1S
t
ykyk+1
Tr ϑˆ1−txkxk+1ϕˆ
t
ykyk+1
)
= 〈a(t), Q(t)n−1b(t)〉
for every t ∈ R with
a(t)(x,y) := r
1−t
x p
t
y, b(t)(x,y) := Tr Θˆ
1−t
x Φˆ
t
y and Q(t)(x,y),(w,z) := T
1−t
xw S
t
yz Tr ϑˆ
1−t
xw ϕˆ
t
yz .
(Note that the onvention 0t := 0, t ∈ R is used here, i.e. At is meant to be taken on the
support of A for a positive semidenite A.) Now if Tr ϑˆ1−txw ϕˆ
t
yz > 0 for all x, y, w, z for some
(and hene for all) t ∈ R then it is easy to see that Q(t) is the matrix of a primitive positive
map on F(X ) ⊗ F(Y) and a(t) and b(t) are stritly positive vetors for all t ∈ R, hene by
Lemma C.2 we get
Ct (ω, σ) = lim
n→∞
1
n
log Tr ωˆ1−tn σˆ
t
n = log r(t) ,
where r(t) is the spetral radius of Q(t).
The above onstrution provides examples for orrelated quantum states with non-ommuting
densities for whih an expliit expression is available for the asymptoti quantity Ct (ω, σ), and
thus the Cherno bound min0≤t≤1 Ct (ω, σ) an in priniple be evaluated. We an also impose
ondition (12) on the states ω and σ above to ensure that (20) holds. Note, however, that
the lower fatorization ondition may be replaed by a possibly more natural ondition here.
Indeed, t 7→ Ct (ω, σ) = log r(t) turns out to be the logarithmi moment generating funtion of
the sequene of random variables Zn :=
1
n
log qn
pn
, where pn and qn are the lassial probability
measures assigned to ωn and σn by the method of [28℄. As r(t) is a simple eigenvalue of Q(t),
the funtion t 7→ log r(t) is dierentiable (see e.g. [23℄), and an appliation of the Gärtner-Ellis
theorem yields (20). For a more detailed argument we refer to [21℄.
Note that in the above onstrution both ω and σ ontain only lassial orrelations between
dierent sites of the spin hain (i.e. ωn and σn are both separable for all n ∈ N). However,
one an easily modify the above onstrution to obtain states with non-lassial orrelations
by onsidering a spin hain C whose one-site algebra is split in the form A = AL⊗AR. Now if
we do the above onstrution on the spin hain C˜ with one-site algebra A˜ = AR⊗AL then the
resulting states an be onsidered as states on C and an ontain non-lassial orrelations.
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It seems to be rather non-trivial to give an expliit expression for the Cherno bound
when both ω and σ are Gibbs states. However, a lower bound is easy to give in terms of
pressures. Indeed, let Φ and Ψ denote the nite-range translation-invariant interations for
whih ω and σ are the unique Gibbs states, and let Hn(Φ) and Hn(Ψ) denote the orresponding
loal Hamiltonians. Then by Lemma 2.1 and the Golden-Thompson inequality we have
Ct (ω, σ) = lim
n→∞
1
n
log Trω1−tn,Gσ
t
n,G
= lim
n→∞
1
n
[
log Tr e−(1−t)Hn(Φ)e−tHn(Ψ) − (1− t) log Tr e−Hn(Φ) − t log Tr e−Hn(Ψ)
]
≥ lim
n→∞
1
n
[
log Tr e−(1−t)Hn(Φ)−tHn(Ψ) − (1− t) log Tr e−Hn(Φ) − t log Tr e−Hn(Ψ)
]
= P ((1− t)Φ + tΨ)− (1− t)P (Φ)− tP (Ψ) .
Note that this lower bound is not sharp in general, as one an easily see in the ase when both
ω and σ are produt states.
7 Conluding remarks
As it is usual when extending lassial results to the quantum setting, large deviation questions
on a spin hain may have several dierent formulations. In [11℄ a quantum version of Sanov's
theorem was presented under a ertain fatorization property alled
∗
-mixing. It is easy to
see that those of our results that rely only on the upper fatorization property (Theorem 5.1,
Corollary 5.2 and (i) of Theorem 6.1) still hold true if only the following ommon weakening of
our upper fatorization property and the upper bound of
∗
-mixing is assumed:
Denition 7.1. A translation-invariant state ω on a spin hain satises the weak upper fa-
torization property if there exist onstants 0 < β ∈ R and l, m0 ∈ N suh that for all m ≥ m0
ω∪k−1j=0 [j(m+l)+1,j(m+l)+m]
≤ βk−1 ⊗k−1j=0 ω[j(m+l)+1,j(m+l)+m] .
In proving Theorem 5.1 from this ondition one has to use the fatorization property
ϕn,G ≤ β˜
k
(
ϕm,G ⊗ Tr[m+1,m+l]
)⊗k
⊗ Tr[k(m+l)+1,n] , k(m+ l) + 1 ≤ n ≤ (k + 1)(m+ l)
that an be proven similarly to (10). In the proof of the existene of the asymptoti Cherno
bound (19) one has to use the general monotoniity property of quantum quasi-entropies ([29,
Theorem 1℄).
As it was shown in [19, Theorem 2.1℄, the weak upper fatorization property also ensures
the existene of the mean relative entropy
s (ϕ, ω) := lim
n→∞
1
n
S (ϕn, ωn) ,
where
S (ϕn, ωn) :=
{
Tr ϕˆn (log ϕˆn − log ωˆn) , if supp ϕˆn ⊂ supp ωˆn;
∞ , otherwise .
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A fundamental result in statistial physis is the variational formula onneting the pressure
and the mean entropy, providing a riterion for a state to be a global equilibrium state (see
e.g. [22℄). In [20℄ a dierent version of the pressure funtional is introdued, whih oinides
with our denition (4) when the loal densities of the referene state ommute with the loal
Hamiltonians. An advantage of that denition is that a variational priniple an be established
between the pressure and the mean relative entropy. On the other hand, the pressure of [20℄ an
only be onsidered as the moment generating funtion for a sequene of probability measures
under the assumption that the BMV onjeture [12, 26℄ holds true.
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Appendies
A Perturbation of Gibbs states
Let Φ be a translation-invariant nite-range interation. For any Q ∈ Csaloc with r := min{k ∈
N : Q ∈ C[−k,k]} a perturbed interation Φ
Q
an be dened by ΦQ(X) := Φ(X) + δX,[−r,r]Q,
with loal Hamiltonians H[−n,n] +Q for n > r. Obviously, Φ
Q
is also a nite-range interation
with bounded surfae energy, hene the perturbed dynamis αQ and the perturbed Gibbs state
ϕQ orresponding to ΦQ(X) are given by the thermodynami limits
αQt (a) = lim
n→∞
eit(H[−n,n]+Q) a e−it(H[−n,n]+Q) , ϕQ(a) = lim
n→∞
τ
(
e−(H[−n,n]+Q)a
)
τ
(
e−(H[−n,n]+Q)
) , a ∈ C.
The following important bound was obtained in [24℄:
Lemma A.1. For every positive loal element a ∈ Cloc
| logϕQ(a)− logϕ(a)| ≤ ‖Q‖+ sup
0≤t≤1
sup
−1/2≤s≤1/2
‖αtQis (Q)‖ .
Note that the right-hand side does not depend on a.
The following result is ontained in [3℄, even though not expliitly stated. For readers'
onveniene we give a very brief argument here to show how the present form an be obtained,
and refer to [3, 4℄ for the main body of the proof.
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Lemma A.2. LetQ := −
∑m
k=1Φ(Λk) for dierent nite subsets Λ1, . . . ,Λm of Z. For L ≥ d(Φ)
let
FL(x) := exp
(
(L− d(Φ) + 1)x+ 2
d(Φ)∑
j=1
ejx−1
j
)
and
‖Q‖d≤L := inf
{∑
i
‖ai‖ : Q =
∑
i
ai, d(ai) ≤ L
}
where d(a) := min{diam(Λ) : a ∈ CΛ}. Then
‖αtQz (Q)‖ ≤ ‖Q‖d≤LFL(2|z| ‖Φ‖
′) for all z ∈ C, 0 ≤ t ≤ 1 ,
with ‖Φ‖′ :=
∑
Λ⊂[0,d(Φ)] ‖Φ(Λ)‖.
Proof. For a ∈ C let δa denote the bounded derivation b 7→ i(ab− ba), and let
Φ˜(X) :=
{
Φ(X) if X 6= Λ1, . . . ,Λk,
(1− t)Φ(Λj) if X = Λj , 1 ≤ j ≤ k.
for 0 ≤ t ≤ 1. Then ΦtQ and Φ˜ yield the same global automorphism group αtQ and global
Gibbs state ϕtQ, and the generator of the former is the losure of the derivation
δ := lim
n→∞
i
∑
X∩[−n,n] 6=∅
δΦ˜(X) with domain D(δ) = Cloc .
Using that d(Φ˜) ≤ d(Φ) and ‖Φ˜‖′ ≤ ‖Φ‖′, and following the arguments in [3, 4℄ (see also [5,
9℄) we obtain
∞∑
n=0
|z|n
n!
∑
X1,...,Xn⊂Z
‖δΦ˜(Xn) · · · δΦ˜(X1)a‖ ≤ ‖a‖d≤LFL(2|z| ‖Φ‖
′), z ∈ C
for every a ∈ Cloc. This implies that every a ∈ Cloc is an analyti element for α
tQ
and
αtQz (a) =
∞∑
n=0
zn
n!
∑
X1,...,Xn⊂Z
δΦ˜(Xn) · · · δΦ˜(X1)a, z ∈ C,
so that
‖αtQz (a)‖ ≤ ‖a‖d≤LFL(2|z| ‖Φ‖
′), z ∈ C.
Letting a = Q gives the desired statement.
Combining Lemmas A.1 and A.2 we get
Corollary A.3. For every positive loal element a ∈ Cloc
| logϕQ(a)− logϕ(a)| ≤ ‖Q‖+ ‖Q‖d≤L cL ,
where the positive onstant
cL := exp
(
(L− d(Φ) + 1) ‖Φ‖′ + 2
d(Φ)∑
j=1
ej‖Φ‖
′−1
j
)
depends only on the interation Φ and the hoie of L.
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B Finitely orrelated states
Let C be the innite spin hain with one-site algebra A ⊂ B(H). The following reursive
proedure to onstrut states on C, together with a detailed analysis of the properties of the so
obtained states was developed in [17℄, where states obtained by this proedure were alled C∗-
nitely orrelated states, and we will refer to them simply as nitely orrelated states. Similarly
to quantum Markov states [2℄, nitely orrelated states provide a possible way to extend the
notion of Markov hains to the quantum setting; see also [1℄ in this diretion.
For the onstrution one needs a triple (B, E , ρ), where B is a C∗-subalgebra of B(K) for
some nite dimensional Hilbert spae K, E : A ⊗ B → B is a unital ompletely positive map
and ρ is a faithful state on B with density operator ρˆ. Further, one has to assume that E and
ρ are related so that
TrA E
∗ (ρˆ) = ρˆ (23)
holds. Then
ϕˆ1 := E
∗ (ρˆ) ; ϕˆn :=
(
id
⊗(n−1)
A ⊗E
∗
)
◦ . . . ◦ (idA⊗E
∗) ◦ E∗ (ρˆ) ; n = 2, 3, . . . (24)
denes a sequene of states on A⊗n ⊗ B for eah n ∈ N. To obtain a family of states on the
spin hain, one has to trae out the auxiliary algebra B:
ωˆn := TrB ϕˆn . (25)
Compatibility of this family is guaranteed by the unitality of E while shift-invariane follows
from (23), hene there exists a unique translation-invariant state ω on C with loal restritions
ω[1,n] = ωn.
Eah a ∈ A denes a linear map Ea : B → B through the formula Ea(b) := E(a ⊗ b). On
simple produt operators ωn takes the value
ωn(a1 ⊗ . . .⊗ an) = ρ (E (a1 ⊗ E (a2 ⊗ . . . E (an ⊗ 1B) . . .))) = ρ (Ea1 ◦ . . . ◦ Ean(1B)) .
We use the notation E
1
:= E
1A
. Unitality of E and the translation-invariant ondition (23) an
be expressed in the form
E
1
(1B) = 1B and E
∗
1
(ρˆ) = ρˆ .
As it was shown in [17, Proposition 3.1℄, ω is ergodi if and only if 1 has geometri multipli-
ity 1 as an eigenvalue of E
1
. By Theorem C.3 and Lemma C.4 we get the following equivalent
version:
Proposition B.1. Let ω be a nitely orrelated state with generating triple (B, E , ρ) with ρ
faithful. Then ω is ergodi if and only if E
1
is irreduible.
A state ω on a spin hain C an be onsidered as a state ω(n) on the restrutured hain C(n)
with one-site algebra C[1,n]. The shift of C
(n)
is γn. A state ω on C is ompletely ergodi if ω(n)
is ergodi for all n ∈ N, and strongly mixing if
ω (aγn (b)) −−−→
n→∞
ω(a)ω(b) , a, b ∈ C .
Strong mixing property implies omplete ergodiity in general, and by [19, Proposition 1.1℄ for
a nitely orrelated state ω both properties are equivalent to E
1
being a primitive map.
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Example B.2. (ommutative auxiliary algebra) If the auxiliary algebra B is ommutative then
it is isomorphi to F(X ) := {f : X → C} for some nite set X . The densities δˆx of the Dira
measures δx form the minimal projetions of B. E
∗
is speied by its values on δˆx, x ∈ X ,
and sine E∗δˆx is a density operator on A⊗F(X ), it an uniquely be deomposed in the form∑
y Txy ϑˆxy ⊗ δˆy, where {Txy : y ∈ X} is a probability distribution and ϑxy are states on A.
The state ρ has density ρˆ =
∑
x rx δˆx, and (23) is equivalent to {rx} being an invariant measure
of the stohasti matrix T . The resulting nitely orrelated state ω has loal density operators
ωˆn =
∑
{x1,...,xn+1}
µn+1(x1, . . . , xn+1) ϑˆx1 x2 ⊗ . . .⊗ ϑˆxn xn+1 ,
where µ is the lassial Markov measure on X∞, generated by {rx} and T . If the states ϑxy are
independent of y (or of x) then ωˆn takes the simpler form ωn =
∑
{x1,...,xn}
µ(x1, . . . , xn) ϑˆx1 ⊗
. . . ⊗ ϑˆxn . Note that the hoie A := F(X ) and ρxy := δx yields the loal densities ωˆn =∑
{x1,...,xn}
µn(x1, . . . , xn) δˆx1⊗ . . .⊗ δˆxn , i.e. the resulting nitely orrelated state is the lassial
Markov measure µ on X∞. In all these ases E
1
is the linear map T on F(X ) with matrix
{Txy : x, y ∈ X}, thus the ergodi properties of ω are the same as those of the lassial Markov
measure µ.
C Spetral properties of positive maps
Let H be a nite-dimensional Hilbert spae and A ⊂ B(H) be a C∗-subalgebra with unit 1. An
element a ∈ A is positive (a ≥ 0) if it is of the form a = x∗x for some x ∈ A and stritly positive
(a > 0) if there exists ε > 0 suh that a ≥ ε1. A linear map Φ : A → A is positive (Φ ≥ 0)
if it maps positive elements into positive elements, and positivity inreasing (Φ > 0) if it maps
non-zero positive elements into stritly positive elements. Φ is alled unital if Φ(1) = 1. If Φ
is positive then ‖Φ‖ = ‖Φ(1)‖ (Russo-Dye). As a onsequene, the spetral radius r(Φ) of a
positive unital map Φ is 1.
A projetion p ∈ A redues the positive map Φ if Φ leaves the subalgebra pAp invariant, or
equivalently if there exists t ∈ R+ suh that Φ(p) ≤ tp. If no non-trivial projetion redues Φ
then it is alled irreduible. A positive map Φ is primitive if Φn > 0 for some n ∈ N. As it was
shown in [16, Lemma 2.1℄, the following holds:
Lemma C.1. A positive map Φ is irreduible if and only if id+Φ is primitive.
The following lemma is a key observation in proving LDP for e.g. lassial Markov hains
([15, Setion 3.1)℄):
Lemma C.2. If Φ is a non-zero positive map with a stritly positive eigenvetor then the
orresponding eigenvalue is the spetral radius r := r(Φ) whih is stritly positive, and
1
n
log ϕ (Φn(x)) −−−→
n→∞
log r
for any non-zero positive linear funtional ϕ and stritly positive x ∈ A.
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Proof. Let Φ(z) = tz for some 0 ≤ t ∈ R and 0 < z ∈ A. For any x ∈ A+ we an nd
0 < βx ∈ R suh that x ≤ βx z, hene if t = 0 then Φ (A+) = {0}, i.e. Φ is the zero map.
Thus 0 < t and 1
t
Φ is similar to the unital map Ψ : a 7→ z−1/2 1
t
Φ
(
z1/2az1/2
)
z−1/2, hene
1 = r(Ψ) = 1
t
r(Φ), i.e. t = r.
If 0 < x ∈ A then we an also nd 0 < αx ∈ R suh that αx z ≤ x, hene
αx r
n z ≤ αx Φ
n(z) ≤ Φn(x) ≤ βx Φ
n(z) = βx r
n z ,
that yields the desired statement.
As the lassial Perron-Frobenius theorem shows, positivity has strong impliations on the
spetral properties of linear operators. The following fundamental extension of the Perron-
Frobenius theorem to C∗-algebras was proven in [16℄:
Theorem C.3. Let Φ be an irreduible positive map on a nite-dimensional C∗-algebra A.
Then the spetral radius r of Φ is an eigenvalue of Φ with geometri multipliity 1 and there
exists z > 0 suh that Φ(z) = rz.
Note that if Φ is an irreduible positive map then so is Φ∗ (the adjoint taken with respet
to the Hilbert-Shmidt inner produt 〈a, b〉 := Tr a∗b), hene there exists 0 < ρˆ ∈ A suh that
Φ∗ (ρˆ) = rρˆ, where r = r(Φ∗) = r(Φ). We an assume that Tr ρˆ = 1, i.e. ρˆ is the density
operator of a faithful state ρ with the property ρ ◦ Φ = rρ. As the following lemma shows,
irreduibility is also neessary for the above spetral properties:
Lemma C.4. Let Φ be a positive map on a nite dimensional C∗-algebra A. If both Φ and
Φ∗ have stritly positive eigenvetors with geometri multipliity 1 then Φ is irreduible.
Proof. Let z and ρˆ be stritly positive eigenvetors of Φ and Φ∗, respetively, with a normal-
ization 〈ρˆ, z〉 = 1. As we have seen in Lemma C.2, the orresponding eigenvalue is r := r(Φ).
Obviously r(Ψ) = 1 for Ψ := (id+Φ)/(1 + r), and Ψ(z) = z, Ψ∗ ρˆ = ρˆ hold. Moreover, 1 is
the only eigenvalue of Ψ on the unit irle.
We dene P := |z〉〈ρˆ| and follow the argument of [35, Lemma I.3.3℄. A straightforward
omputation shows that P = P 2 is a projetion onto ker{id−Ψ} and P Ψ = ΨP = P , hene
P Ψ˜ = Ψ˜P = 0 for Ψ˜ := Ψ−P . If α is a non-zero eigenvalue of Ψ˜ with eigenvetor x ∈ A then
Px = P
(
(1/α) Ψ˜(x)
)
= 0, hene Ψ(x) = Ψ˜(x) +Px = αx, i.e. α is an eigenvalue of Ψ as well.
If Ψ˜(x) = x for some x ∈ A then the same omputation yields that Px = 0 and Ψ x = x, but
the latter implies Px = x, therefore x = 0, i.e. 1 is not an eigenvalue of Ψ˜. As a onsequene,
r(Ψ˜) < 1, thus
1
(1 + r)n
(id+Φ)n = (Ψ)n = (Ψ˜)n + P −−−→
n→∞
P .
As P is positivity inreasing, we get 0 < (id+Φ)n for large enough n's and Lemma C.1 gives
the irreduibility of Φ.
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